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Nonlinear dynamics of lava dome
extrusion
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During the eruption of the Soufriére Hills volcano, Montserrat (1995-99), and several other dome eruptions, shallow seismicity,
short-lived explosive eruptions and ground deformation patterns indicating large overpressures (of several megapascals) in the
uppermost few hundred metres of the volcanic conduit have been observed. These phenomena can be explained by the nonlinear
effects of crystallization and gas loss by permeable flow, which are here incorporated into a numerical model of conduit flow and
lava dome extrusion. Crystallization can introduce strong feedback mechanisms which greatly amplify the effect on extrusion

rates of small changes of chamber pressure, conduit dimensions or magma viscosity. When timescales for magma ascent are

comparable to timescales for crystallization, there can be multiple steady solutions for fixed conditions. Such nonlinear dynamics

can cause large changes in dome extrusion rate and pulsatory patterns of dome growth.

Lava dome eruptions involve the ascent of gas-rich magmas, which
lose gas during ascent'. Degassing results in rheological stiffening®”
due to gas exsolution and microlite crystallization from under-
cooled melt. Viscosity can increase by several orders of magnitude
when silicic melts containing a few per cent dissolved water
decompress and degas’. Microlite crystallization from undercooled
melt accentuates the viscosity increase®, and can lead to the magma
changing isentropically into a hot crystalline solid with mechanical
strength. Crystallization of microlites and gas loss by permeable
flow are time-dependent processes that introduce strong non-
linearities into the dynamics of conduit flow and dome extrusion.
Here we develop a model of conduit and lava extrusion which
incorporates these processes. The nonlinear behaviour identified in
our calculations provide explanations for some important features
observed in the eruption of the andesite lava dome of the Soufriere
Hills, Montserrat, including ground deformation patterns, shallow
seismicity, occurrence of short-lived vulcanian explosions, and large
fluctuations of magma discharge rate. The model is, however,
generic and can also explain phenomena at other eruptions, such
as Mount Unzen in Japan.

Model development
Models of lava extrusion® commonly involve application of the
Poiseuille flow law. Here extrusion rate is inversely proportional to
the viscosity, proportional to the conduit width raised to some
power (4 for a cylinder), and proportional to the pressure gradient.
But this model is too simple for the study of intermediate and silicic
magmas, because of the rheological stiffening that accompanies
degassing and the variable density of vesiculating magma. Many
aspects of these complications have already been considered. Gas
loss by permeable flow to the conduit walls can cause nonlinear
variations in flow rate and transitions between explosive and
extrusive activity”®. These transitions are very sensitive to small
changes in parameter values, and the system of equations that
incorporates gas loss can produce multiple solutions. Large viscosity
variations related to gas loss cause strongly nonlinear pressure
gradients and overpressures (defined here as the difference between
magma pressure and local lithostatic pressure) at high levels in the
conduit®. Microlite crystallization can also potentially cause large
overpressures to develop in the uppermost several hundred metres
of conduits™.

The physical framework for our model is shown in Fig. 1. Magma
is stored in a chamber at depth L with a chamber overpressure, P,
defined as chamber pressure minus lithostatic pressure, initial
magma viscosity p, and mass concentration of water dissolved in
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the melt phase of ¢,. The magma ascends along a cylindrical conduit
of diameter D and exits at the vent with pressure P.. Flow in the
dome is represented by a continuation of the conduit, with the same
diameter for the active zone of flow within the dome and extrusion
of new lava at the summit, consistent with observations at the
Soufriere Hills volcano'. This simplification does not alter the
underlying principles that emerge from our calculations. During
ascent of the magma up the conduit and through the dome, gas is
exsolved and is lost by vertical permeable flow through the magma
column. In contrast to previous models”*, we consider only vertical
gas flux. Although some gas loss to the conduit walls is inevitable,
the observations of a strong gas plume emerging from the summit
area of the Soufriere Hills dome'" suggest that vertical flux is
dominant. Sealing of the conduit walls also can prevent lateral gas
loss™>".

We model the system shown in Fig. 1 by the following system of
equations:

(1= a)(en(1=B)1 =)+ pL)V =Q, 1)
pull = )1 = B)cV +paV, = Q, @)
dg _ a3 X _cy. _ 3\
vE=r(img) xma(y) e @
d 32uV
T=pg— ok @
V,—V=-— K dp )
py dz
p=0Bp.(c); c=Ci\/p; p=pRT (6)
loglk(ar)/ky] = — 10.2(a10?)¥° s 4>0.03  (7)
log[0(B8)/6,] = arctan[w(8 — Bx)] + /2 8)

where py,, o and pg are the densities of melt, crystals and gas,
respectively, p is the density of mixture, o and ( are volume
concentrations of respectively bubbles and crystals (in the
condensed phase), V and V, are velocities of magma and gas,
respectively, Q, and Q, are discharge rates of respectively magma
and gas per unit area, p is pressure, ¢ is the mass concentration of
dissolved gas, p, p, and p, are viscosities of magma, melt and gas,
respectively, D is the conduit diameter, Csis the solubility constant,
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Figure 1 Schematic view of the volcanic system. Magma ascends from a chamber
connected with the growing lava dome by a cylindrical conduit. Flow in the dome is
represented by a continuation of the conduit, with extrusion of new lava at the summit of
the dome. Gas is lost by permeable flow along the conduit near the surface.

k(a) is the permeability, R is the gas constant, T is temperature, z is
the vertical coordinate, g is the acceleration due to gravity, N is the
number density of crystals per unit volume, £ is a constant related to
crystal growth kinetics, and k, w, 8+, § are constants in permeability
and viscosity laws as discussed below. Function () represents the
influence of crystals on magma viscosity. Equations (1) and (2)
represent conservation of mass for gas and condensed phase, and
equation (3) describes crystal growth kinetics. Equation (4) states
the conservation of momentum for the mixture in which the inertial
term is negligibly small and conduit resistance is taken in Poiseuille
form. Equation (5) is Darcy’s law, and equations (6—8) summarize
the physical properties of magma for isothermal flow conditions.

We recognize that this model is not a complete description, as
there may still be important processes that have not been incorpo-
rated. The calculations, for example, assume that the ascent is
sufficiently slow that the gas phase in the system is in equilibrium
(that is, diffusion of gas into the bubbles is not rate-limiting). More
elaborate models can be developed which incorporate disequili-
brium in the gas phase, more realistic treatment of gas and magma
movement in the dome and lateral pressure gradients in the
conduit. To illustrate the principles of the model and to test the
results on a well documented eruption, we have chosen parameters
based on the Soufriére Hills andesite lava dome eruption (Table 1).
We have also carried out sensitivity studies to establish how
variations in important parameters listed in Table 1 affect the
results.

We have made measurements of the matrix permeability and
porosity of samples from the Soufri¢re Hills eruption with poros-
ities in the range of 0 to 70%. These and other data' can be
described by equation (7) with most data falling between curves for
k, = 1 and k, = 10. Most of the porosity consists of interconnected
vesicles in the residual glass phase, which is continuously distrib-
uted between crystalline phases. We consider, in agreement with the
conclusions of Klug and Cashman', that there have been only
minor changes in permeability due to cooling. As lava domes are
highly fractured, the actual permeability in the upper parts of the
conduit and dome may be even higher so we consider k, = 100 in
addition to the impermeable end-member case (k, = 0). We will
show a posteriori that the influence of permeable gas loss on
extrusion rate is small for a wide range of k.
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Table 1 Parameters for the Sourfriere Hills andesite eruption used in
modelling

Parameter Symbol Value range Information sources

Magma chamber depth L 5km Earthquakes® and phase
equilibria®

Magma chamber pressure P 0-20MPa Range of crustal strengths

Melt water content Co 5% Ref. 33

Magma temperature T 850°C Refs 25, 33

Magma crystal content Bo 0.6 Ref. 25

Conduit diameter D 30m Dimensions of spines and
early crater; hornblende
reaction rims®

Viscosity coefficient 0o 1.6 From calculations

Viscosity coefficient B 0.62 From calculations

Viscosity coefficient 2] 20.6 From calculations

Crystal growth rate coefficient X 7x107%s! From calculations

Permeability coeffcient ko 1 Regression through data

Density of melt Pm 2,300kgm™

Density of crystals e 2,700kgm™

Density of wallrock or 2,600kgm™

Solubility coefficient Cy 41 %10 °Pa'?

Gas viscosity g 15X 10 °Pas

The influence of crystals on viscosity is given by equation (8), and
an empirical formula which reproduces the expected shape of the
relationship between crystal content and viscosity across the tran-
sition region where crystals become close-packed, as observed in
experiments”.

We have chosen a simple parameterization of crystal growth
(equation (3)) based on theoretical and experimental studies''® in
which growth rate is proportional to undercooling and inversely
proportional to melt viscosity. Both degree of undercooling and
melt viscosity are dependent on dissolved gas content, and are thus
strongly dependent on pressure. We assume for simplicity that there
is a single crystal nucleation event, that is, N and x are constants in
equation (3). For magma viscosity we have taken the relevant
magma parameters for the Soufriere Hills andesite (Table 1), and
have applied experimentally based algorithms*’. Very large changes
in magma viscosity occur when the crystal content reaches a
threshold value at the condition of close packing’. There are
considerable uncertainties in assessing the appropriate threshold
crystal content for natural magmas, as the melt fraction at the close-
packed condition is dependent on both crystal shape® and grain size
distribution"’.

There are two remaining problems in choosing parameters: that
the crystal growth parameter, x, and the viscosity coefficient (), are
not well constrained. Although there are some experimental data on
crystal growth, none of the available data are sufficiently close to a
natural system to provide a robust value of x. The high crystal
content of the Soufriére Hills magma in the chamber (estimated at
60—65%) means that the magma is close to conditions of close-
packing. There are no experimental data that can help constrain this
parameter accurately, yet the results of calculations are likely to be
sensitive to the choice of 0(8) in equation (8). We therefore use
observations of dome height, extrusion rate, and crystal content
from the Soufriere Hills to calibrate values of x and () to provide
the basis for a more extensive investigation of the effects of the
nonlinearities on flow. We note that the choice of rheological
parameters are such that the viscosity of the Soufriere Hills andesite
has a variation consistent with independent estimates made from
petrological models* and observations of dome growth rates.

Feedback mechanisms are evident in the mathematical descrip-
tion. Lower magma permeability results in a decrease in the overall
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Figure 2 Calculated profiles of overpressure (@) and porosity (b) along a conduit.
Conditions for calculations are described in the text. Overpressure (the difference between
the magma pressure and lithostatic pressure) reaches a maximum in the uppermost few
hundred metres of a volcanic conduit. Curves are shown for values of the permeability
coefficient & from values of 0 to 100. The range of observed porosities in pumice clasts
from vulcanian eruptions of the Soufriére Hills is shown as a horizontal bar at the top of b.
These data suggest that values of k, from 1 to 0.1 are typical. Low values of &, give
unrealistically high porosities at the top of the conduit and explosive conditions are likely to
develop in practice. Porosity profiles are shown for the upper 500 m of the conduit. The
calculations here assume no crystallization in the conduit (x = 0).

weight of the magma due to higher amounts of retained gas. The
excess pressure driving magma from the chamber, defined as the
difference between the chamber pressure and magma column
weight, must consequently increase. As magma permeability
increases, a larger proportion of the gas escapes, magma column
weight increases, and the excess driving pressure decreases. Another
example is the case when the timescale for magma extrusion is
comparable to the timescale for microlite crystallization. If there is a
slight change in some parameter that enhances flow rate (such as
chamber pressure, conduit width or initial magma viscosity), then
gas loss and crystallization will amplify the effect. An increase in
flow rate will give less time for crystal growth, and so reduce overall
viscosity. Also, an increase in flow rate gives less time for gas loss,
therefore the magma column weight decreases. According to
equation (4), the magma ascent velocity will consequently increase.
We will show below that these feedback amplifications can be
substantial.

Results of calculations and comparison with observations

We first demonstrate the influence of the permeability coefficient on
eruption dynamics. Figure 2 illustrates the role of gas loss and
permeability on flow dynamics, in terms of porosity and over-
pressure variations with depth. The calculations show a region of
high porosity and high overpressure with a maximum in the
uppermost parts of the conduit, at typical depths of a few hundred
metres below the vent. The maximum overpressure depends on the
permeability values, with a range of 4 to 8 MPa.

The model can explain, in the case of the Soufriére Hills, ground
deformation patterns that indicate pressurization of the conduit
rather than the deep magma chamber. Shepherd et al.'® observed
that deformation during 1996 could be described as a simple
decrease in the velocity of ground movements radially away from
the dome. They inferred a pressure source at 700 m depth with an
estimated overpressure of 10 MPa. Voight et al.” estimated a pressure
source at 400 m depth from cyclic patterns of ground inflation and
deflation. Dome eruptions are characterized by shallow seismicity
with long-period components>'*?’, and by short-lived (a few tens of
seconds) vulcanian explosions from shallow pressurized
sources®”***!, These phenomena can be explained by the predicted
gas overpressures exceeding magma and conduit wallrock strength.
Explosions occur when internal gas pressures exceed magma
strength®. During the Soufriére Hill eruption, there were 85
vulcanian explosions in the August to October 1997 period®.
Volume constraints indicate that these explosions originated from
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Figure 3 Calculated and observed magma discharge rate versus dome height. Shown are
data for the October 1997 lava dome growth at Soufriére Hills volcano (filled circles), and
the results of numerical calculations using equations (1)—(8). The dashed line shows the
expected unsteady path for the system to change from one steady state to another with
declining flow rate at approximately constant dome height: here the system cannot follow
the steady path, because this would require a large decrease in dome height which is
unphysical.

the uppermost few hundred metres of the conduit. Samples of the
pumice had angular platy shapes indicative of brittle fragmentation
and porosities of 30—60%, indicating a zone of high porosity and
overpressures of a few megapascals, as predicted in the model. The
calculated overpressures of several megapascals are comparable to
the strength of the crystalline magma and wallrocks®, so that the
system is inherently unstable to perturbations such as unloading of
the pressurized conduit by dome collapse. The cyclic patterns of
seismicity, ground deformation, and eruptive activity documented
by Voight et al.’ can be seen as the consequence of pressurization
repeatedly building up the system to failure conditions.

We now explore the effects of groundmass crystallization. Pumice
and samples of the Soufriere Hills dome that were erupted during
periods of high discharge® have high glass contents (25-35%) and
few microlites”, whereas samples derived from parts of the dome
that were extruded more slowly (typically, days to weeks) have much
lower glass contents (5-15%) and high contents of groundmass
microlites. These, and other, observations®*** suggest that microlite
crystallization can take place on similar timescales to the ascent time
of the magma (see Table 1).

Figure 3 shows (as data points) the observed magma discharge
rate versus dome height at the Soufriere Hills during October 1996.
We first attempted to model the observations with flow models that
did not include crystallization kinetics. Using data in Table 1 we
were able to fit the initial discharge rate of 1.8 m”s™', but found that
the ultimate height of the dome was much greater than observed
(our best-fit value being about 600 m compared to 120 m). The
height/discharge rate relationship could not be reconciled with the
initial discharge rate at zero dome height: we therefore manipulated
the controlling variables, and found values of x and the constants in
0(B) that were consistent with the observations. The resulting
calculated curve is shown in Fig. 3, and the parameter values are
listed in Table 1. The model predicts strongly nonlinear behaviour
when the height of the dome growth reaches about 120 m. At this
point, dome growth cannot then follow the steady solution path as
this requires a substantial decrease in height. Rather, we expect the
dome to follow an unsteady path at approximately constant dome
height until the curve for the steady solution is once more met at
very low flow rate (Fig. 3). Large changes in extrusion rate have been
observed with minor changes in dome height both at Soufriere
Hills* and at Mount Unzen®.

Figure 4 shows the relationship between extrusion rate and
magma chamber overpressure, using values of x and 6(8) deter-
mined from the dome growth in October 1997 (Fig. 3) and
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contoured in terms of dome height from 0 to 300 m. The extrusion
rate and heights cover the same range as observed at the Soufriere
Hills eruption®’. Figure 4b shows only the curves for 0 and 300 m
dome height, and illustrates possible paths for eruption behaviour.
Above a magma chamber pressure of 10 MPa the variations are
monotonic, and the numerical results are close to the simple
Poiseuille flow law. Extrusion rate decreases with dome height. In
this region flow rates are too fast to allow significant crystallization.
The slight departure from simple Poiseuille flow is due to the
incorporation of gas loss by permeable flow.

For magma chamber overpressures below about 10 MPa the
curves become more complex and sigmoidal in shape, indicating
the possibility of multiple steady solutions for fixed eruption
conditions. In this region, microlite crystallization occurs during
ascent and introduces the strong feedback mechanisms described
above. For low chamber overpressures (P.) small changes in P, can
induce large changes in flow rate. We found similar strong sensi-
tivity to small changes in conduit diameter or initial magma
viscosity. For example, a change in viscosity or chamber pressure
by a factor of two, or a 20% change of conduit width, can cause over
an order of magnitude change in extrusion rate. The Poiseuille flow
law would only result in a factor of 2 change.

The multiple steady solutions allow for complex pulsatory
behaviour (Fig. 4b). A dome starting to grow at point A may
reach 300m height at point B. Beyond that height, the steady
solution drops down to a much lower extrusion rate at point C. If
the chamber pressure increases (for example due to magma
replenishment®), then the path C, D, E can be followed and this
might lead to periodic behaviour as the dome jumps between one
steady state and another. A significant dome collapse event can
decrease dome height suddenly, triggering greatly accelerated dome
growth rates as shown in path E to F (Fig. 4).

Observations of dome growth at the Soufriére Hills** and Mount
Unzen® showed pulsations on a wide range of timescales, from
hours to months, with extrusion rates varying by a factor of more
than 50. The composition of the magmas did not vary during the
course of these eruptions, so variations in the initial magma crystal
content and viscosity in the chamber are unlikely to have been a
major cause of these pulsations and the large variations in extrusion
rate. Relatively minor variations in the conduit dimensions and
magma chamber pressure could have been amplified by the non-
linear effects to cause the wide range of extrusion rate and marked
fluctuations.

The model we present here is limited by the need to calibrate it to
a particular dome eruption; this is required to estimate poorly

constrained parameters relating to the rheological properties of
high-crystal-content magmas and crystallization kinetics. Although
an independent estimate of the values of these parameters would be
preferable, the choice of calibrated values allows us to learn about
the general principles of nonlinear dynamics using values which are
at least consistent with observations.

Implications for monitoring and forecasting

Our model of conduit flow and dome extrusion incorporates the
nonlinear effects of degassing and crystallization. The calculations
provide a mechanism for generating large overpressures at shallow
levels in such eruptions. Evidence for overpressured conditions and
pulsatory activity as characteristic of dome eruptions comes not
only from the Soufriere Hills, but from elsewhere, such as Mount
Unzen in Japan®, Santiaguito in Guatemala®, Lascar in Chile?,
Galeras in Columbia’, and Mount St Helens in the USA™. The flow
model introduces effects that help to explain ground deformation,
shallow seismicity and short-lived vulcanian explosions. Cyclic
patterns of behaviour, as at the Soufri¢re Hills’, can be explained
by build-up of overpressure in the upper parts of a conduit to
critical threshold conditions for magma flow or explosive activity.
Other mechanisms, such as stress weakening with stick—slip
behaviour®', may also play a role in short timescale cycles.

The model has important implications for the forecasting of
volcanic eruptions. It suggests that many of the geophysical signals
monitored in dome eruptions relate to pressurization in the upper
parts of the conduit rather than the deep magma chamber. This
link between flow models of degassing magma and monitoring
data provides a new framework for interpretation of geophysical
data.

Nonlinear dynamical effects allow multiple solutions to exist for
fixed eruption parameters. Additionally, these eruptive systems can
be extremely sensitive to minor changes in magma properties,
magma chamber conditions and conduit dimensions. Unsteady
transitions between stable states are themselves likely to prove of
considerable interest. Nonlinear and unsteady behaviour makes
possible transitions to chaotic behaviour as the system attempts to
achieve equilibrium. Under some circumstances behaviour can
become inherently unpredictable. Improved knowledge of crystal
growth kinetics, gas exsolution kinetics (not incorporated here),
permeability development in vesiculating magmas and rheological
properties of crystal-rich magmas will help develop more complex
and realistic models. However, nonlinearity will inevitably feature
in future models, no matter how well constrained the eruption
parameters and physical magma properties are. O

Discharge rate (m3s1)

dome collapse

Chamber overpressure (MPa)

4 8 12 16 20
Chamber overpressure (MPa)

Figure 4 The relationship between extrusion rate and magma chamber pressure (@) and possible paths of unsteady eruption (b). Contours in a are of dome height from 0 to 300 m. See

text for details about points A—F.
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